A diffusion kurtosis (DK) tensor is a fourth order three-dimensional fully symmetric tensor, which is used in diffusion kurtosis imaging (DKI), a new model in medical engineering. To understand the biological and clinical meaning of the DK tensor, we have to measure and calculate some quantities and parameters which are independent from coordinate system choices. In this paper we study such quantities and parameters. They include the largest, the smallest and the average apparent kurtosis coefficients (AKC) values, which are invariant from the coordinate system choices, and some parameters measured in the inherent coordinate system, which is formed by the eigenvector system of the second order diffusion tensor. We study their computational formulas and relationships.
Introduction
Diffusion magnetic resonance imaging (D-MRI) has been developed in biomedical engineering for decades. It measures the apparent diffusivity of water molecules in human or animal tissues, such as brain and blood, to acquire biological and clinical information. In tissues, such as brain gray matter, where the measured apparent diffusivity is largely independent of the orientation of the tissue (i.e., isotropic), it is usually sufficient to characterize the diffusion characteristics with a single (scalar) apparent diffusion coefficient (ADC). However, in anisotropic media, such as skeletal and cardiac muscle and in white matter, where the measured diffusivity is known to depend upon the orientation of the tissue, no single ADC can characterize the orientation-dependent water mobility in these tissues. Because of this, a diffusion tensor model was proposed years ago to replace the diffusion scalar model. This resulted in diffusion tensor imaging (DTI).
A diffusion tensor D is a second order three-dimensional positive definite symmetric tensor. Under a Cartesian laboratory coordinate system, it is represented by a real three-dimensional symmetric matrix, which has six independent elements D = (D ij ) with D ij = D ji for i, j = 1, 2, 3. There is a relationship ln S(b) = ln S(0) − bD app . 
g is the gradient strength, γ is the proton gyromagnetic ratio, is the separation time of the two diffusion gradients, δ is the duration of each gradient lobe [8] .
Combining (1) and (2) bD ij x i x j .
There are six unknown variables D ij in the formula (3) . By applying the magnetic gradients in six or more non-collinear, non-coplanar directions, one can solve (3) and get the six independent elements D ij . Let the eigenvalues of D be α 1 α 2 α 3 > 0. Then the mean diffusivity [2] can be calculated by
, while the fractional anisotropy [2] is
, where 0 F A 1. If F A = 0, the diffusion is isotropic. If F A = 1, the diffusion is anisotropic. Since the eigenvalues of D are invariants with respect to coordinate system rotation, M D and F A are also invariants of D. They can be used for biological and clinical analysis.
The diffusion tensor imaging model (DTI) is now used widely in biological and clinical research [2, 6, 9] . However, DTI is known to have a limited capability in resolving multiple fibre orientations within one voxel [1, 10, 16] . This is mainly because the probability density function for random spin displacement is non-Gaussian in the confining environment of biological tissues and, thus, the modelling of self-diffusion by a second order tensor breaks down. Recently, a new MRI model is presented in [8, 11] .
The authors of [8, 11] propose to use a fourth order three-dimensional fully symmetric tensor, called the diffusion kurtosis (DK) tensor, to describe the non-Gaussian behavior. The values of the fifteen independent elements of the DK tensor W can be obtained by the MRI technique. The diffusion kurtosis imaging (DKI) has important biological and clinical significance.
A diffusion kurtosis tensor W is a fourth order three-dimensional fully symmetric tensor. Under a Cartesian laboratory coordinate system, it is represented by a real fourth order three-dimensional fully symmetric array, which has fifteen independent elements W = (W ijkl ) with W ijkl being invariant for any permutation of its indices i, j, k, l = 1, 2, 3. The relationship (1) can be further expanded (adding a second order Taylor expansion term on b) to (see [8, 11] , for example):
where K app is the apparent kurtosis coefficient (AKC) value at the direction x (see [8, 11] , for example),
Combining (4), (2) and (5), we have
The non-Gaussian behavior of water molecules may contain useful information related to tissue structure and pathophysiology. Hence, the diffusion kurtosis imaging (DKI) has important biological and clinical significance. The authors of [8, 11] found sharp differences between the diffusion kurtosis in white and gray matters. They believe that DKI is potentially of value for the assessment of neurologic diseases, such as multiple sclerosis and epilepsy, with associated white matter abnormalities. Additional, DKI may be useful for investigating abnormalities in tissues with isotropic structures, such as gray matter, where techniques like DTI are less applicable. This is supported by the results in many experimental studies of DKI, where the diffusion kurtosis is not zero, while DTI models treat it as zero.
The values of the fifteen independent elements of the DK tensor W can be obtained with the six independent elements of the diffusion tensor D together by the MRI technique and the least squares method, as suggested in [8, 11] . However, these values are not independent of the coordinate system. When the coordinate system is rotated, these values will be changed. To understand the biological and clinical meaning of the DK tensor, a mathematical study on invariants of the DK tensor is necessary. In [20] , Qi, Wang and Wu introduced D-eigenvalues for a DK tensor. It was shown that the D-eigenvalues of a DK tensor are invariants of the DK tensor. The largest and the smallest D-eigenvalues of a DK tensor correspond with the largest and the smallest AKC values of a water molecule in the space, respectively. A computational method for calculating D-eigenvalues of a DK tensor was also presented in [20] . The concept of D-eigenvalues is an extension of the Z-eigenvalues introduced in [17] and studied in [15, 18, 19] .
In the literature, there are some other "eigenvalues" for a fourth order fully symmetric tensor. In particular, Lord Kelvin [21, 22] introduced such eigenvalues, also see [3, 14] . We call them Kelvin eigenvalues. The calculation of the Kelvin eigenvalues is much easier, since they are actually eigenvalues of a 6 × 6 symmetric matrix. However, the definition of D-eigenvalues is closer to the formula (5) of AKC values than the definition of Kevin eigenvalues. In Section 2, we will explain this point.
The largest and the smallest AKC values are two important invariants of a DK tensor. Apart from them, there are other important invariants of a DK tensor. For example, the spherical average AKC value should be another important invariant of the DK tensor. We study the computational formulas and properties of this quantity in Section 3. We show that it is a linear function of the diagonal and sub-diagonal elements of the DK tensor.
It is well known that the eigenvector system of the second order diffusion tensor forms a Cartesian coordinate system. The eigenvector associated with the largest eigenvalue of the diffusion tensor is parallel to the direction of the dominant tissue structure (such as white matter fiber along which the water molecules diffuse the most), while the eigenvectors associated with the other two eigenvalues are perpendicular to the direction of the dominant tissue structure. Hence, this coordinate system has its physical meanings. We call this coordinate system the inherent coordinate system of the DK tensor. Since this coordinate system is not arbitrary, the form of the DK tensor under this system should have some physical meanings too. In Section 4, we study the computational formulas of this special form of the DK tensor, and the average AKC value over the characteristic ellipsoidal surface of the ADC values. We call this average AKC value the ellipsoidal average AKC value, which is a kind of weighted average AKC values. We show that it is a linear function of the diagonal and sub-diagonal elements of the form of the DK tensor in the inherent coordinate system. The AKC values along the coordinate directions of the inherent coordinate system were studied in [7] .
The coefficients of the linear functions of the spherical and the ellipsoidal AKC values involve surface integrals over the spherical and the ellipsoidal surfaces. In Section 5, we use the eigenvalues of the diffusion tensor to scale the inherent coordinate system to smooth the characteristic ellipsoidal surface of the ADC values to a spherical surface. Then, we find that the average AKC value over this surface is equal to one fifth of the sum of the diagonal elements plus two fifths of the sum of the sub-diagonal elements of the form of the DK tensor in the scaled inherent coordinate system. We show that this value is equal to one fifth of the sum of the six Kelvin eigenvalues of this special form of the DK tensor. We then show that all the AKC values are bounded by the largest and the smallest Kelvin eigenvalues of this special form, but there are gaps between the largest/smallest Kelvin eigenvalue and the largest/smallest AKC value. This further justifies the significance of D-eigenvalues.
In Section 6, we provide two numerical examples and five maps which are based upon the magnetic resonance diffusion data acquired out of rat spinal cord samples. Some final remarks are made in Section 7. To make the paper self-contained, we include an appendix as Section 8 on the calculation of D-eigenvalues and D-eigenvectors.
D-eigenvalues and Kelvin eigenvalues
We use
T to denote the direction vector, which is denoted as n = (n 1 , n 2 , n 3 )
T in [8, 11] .
As described in [8, 11] , the ADC and AKC values for a single direction can be determined by acquiring data at three or more b values (including b = 0) and fitting to Eq. (4). Then, by solving the resulted nonlinear system via, for example, the least-squares method, the apparent diffusion coefficient D app and the apparent kurtosis coefficient K app for the given direction can be obtained. Denote the largest and the smallest AKC values as K max and K min respectively. By [20] ,
and
The critical points of the maximization problem (7) and the minimization problem (8) satisfy the following system for some λ ∈ and x ∈ 3 :
D ij x i x j = 1. (9) A real number λ satisfying (9) (7) and the minimization problem (8) , by the theory of optimization, they are local maximizers, local minimizers and saddle points of the optimization problems (7) and (8), while D-eigenvalues are corresponding Lagrangian multipliers. These are the geometrical meanings of D-eigenvalues and D-eigenvectors. The following two theorems are proved in [20] .
Theorem 1. D-eigenvalues are real numbers and always exist. If x is a D-eigenvector associated with a D-eigenvalue
Denote the largest and the smallest D-eigenvalues of W as λ max and λ min respectively. Then (10) and
Theorem 2. The D-eigenvalues of W are invariant under rotations of coordinate systems.
By these two theorems, K max and K min are also invariants of W . Computational formulas were given in [20] for calculating D-eigenvalues. Hence, we may calculate K max and K min by the method given in [20] .
We now discuss Kelvin eigenvalues of W . Let X be a second order three-dimensional symmetric tensor with elements X ij . Define W X as another second order symmetric tensor with its elements as
If a number μ and a nonzero second order symmetric tensor X satisfy W X = μX, then we say that μ is a Kelvin eigenvalue of W and X is an eigentensor of W associated with the Kelvin eigenvalue μ.
There is an isomorphism between the Kelvin eigenvalues and eigentensors of W , and the eigenvalues and eigenvectors of the six-dimensional symmetric matrix 
T is an eigenvector of U associated with the eigenvalue μ of U . See [3] .
It is easy to see that Kelvin eigenvalues of W are also invariants of W . They are much easier to be calculated as they are actually eigenvalues of the matrix U . However, it can be shown that they are less close to the largest and the smallest AKC values. Let the largest and the smallest Kelvin eigenvalues of W be μ max and μ min respectively, we have
The optimization problems (12) and (13) are matrix optimization problems as their optimization variables are the matrix (12) and (13) with (7) and (8), we see that D-eigenvalues reflect more the extremal AKC values than Kelvin eigenvalues. Suppose that we have a feasible solution x for (7) and (8) . Let X ij = x i x j for i, j = 1, 2, 3. Then we have a feasible solution X for (12) and (13) . On the other hand, a feasible solution X of (12) and (13) does not produce a feasible solution x for (7) and (8), unless the rank of the matrix X is one. Thus, the feasible set of (12) and (13) is larger and includes feasible solutions X which cannot be decomposed as X ij = x i x j for i, j = 1, 2, 3 for some x. Hence, we cannot use Kelvin eigenvalues to represent the largest and the smallest AKC values. This justifies the significance of D-eigenvalues.
The spherical average AKC value
Denote the unit sphere as
Then the spherical average AKC value is defined as
where the denominator S = 4π is the area of the surface S. Here, we slightly abuse the symbol S for both the surface and its area.
Theorem 3.
We have 
. By symmetry, we see that The coefficients A i cannot be computed exactly in general. But they can be computed numerically. For the integral over S, we may use the parametric expression
The inherent coordinate system and the ellipsoidal average AKC value
We may make an orthogonal transformation to the coordinate system such that the three orthonormal eigenvectors of D are used as the coordinate base vectors. As we said in the introduction, this coordinate system has its own physical meaning and is fixed when D is fixed. We call this coordinate system the inherent coordinate system of W , and call the form of D and W in this coordinate system the inherent forms of D and W respectively.
Let the columns of an orthogonal matrix P consist of three orthonormal eigenvectors of D. Denote P = (p ij ). Let x be converted to y = P x. Then D and W are converted to their inherent formsD andŴ , where the elements ofD andŴ are defined bŷ
respectively, see [17] for the definition of orthogonal similarity. By the knowledge of linear algebra, we know that P , as an orthogonal matrix, either is a rotation matrix, or the product of a rotation matrix and a reflection matrix, depending upon the system of the orthonormal eigenvectors of D are right-handed or left-handed. Then, since the columns of P consist of three orthonormal eigenvectors of D,D is a diagonal matrix with the eigenvalues of D as its diagonal elements, i.e., 
Thus, K i for i = 1, 2, 3, along with K max , K min , and K S , form important reference quantities of W . Since K i , for i = 1, 2, 3, are calculated on the inherent coordinate system, we call them and the other quantities discussed in the latter part of our paper as inherent parameters. For some further discussions on K i for i = 1, 2, 3, see [7] .
We now consider the average AKC value over the characteristic ellipsoid surface of ADC:
Then the ellipsoidal average AKC value is defined as
where the denominator S E is the area of the surface S E ,
Again, we use the symbol S E for both the surface and its area.
Theorem 5.
We have
The The coefficients B i as well as the area S E cannot be computed exactly in general. But they also can be computed numerically. For the integral over S E , we may use the formulas used in the proof of Theorem 5. The fundamental difference between the formulas of A i in the last section and the formulas of B i in this section is that A i can be calculated in any Cartesian coordinate system while B i only can be calculated in the inherent coordinate system. We regard M E also as an inherent parameter. As we said in the introduction, it is a kind of weighted average AKC values.
The scaled inherent coordinate system
Let z i = √ α i y i for i = 1, 2, 3. Then the ellipsoidal surface S E is scaled to a spherical surface
Correspondingly, we may scaleŴ bȳ
By (5), the AKC value along the direction y is now
Then the average AKC value on the surface S Z is
We now show that M Z has a simple form. Note thatW 1122 +W 1133 +W 2233 is equal to one sixth of the sum of the sub-diagonal elements ofW . . By symmetry, we see that C 1 = C 2 = C 3 and C 10 = C 11 = C 12 . With the formula at the end of Section 3, we have
Theorem 6. The quantity M Z is equal to one fifth of the sum of the diagonal elements plus two fifths of the sum of the sub-diagonal
We also see that
Putting these together, we have the conclusion. 2
The quantity M Z is also an inherent parameter and a kind of weighted average AKC values. But its computational formula is much simpler.
We now show that M Z is equal to one fifth of the sum of the six Kelvin eigenvalues ofW .
Theorem 7. The quantity M Z is equal to one fifth of the sum of the six Kelvin eigenvalues ofW .
Proof. By the discussion in Section 2, we know that the six Kelvin eigenvalues ofW are the six eigenvalues of the following matrixŪ : 
Since the sum of the six eigenvalues ofŪ is the sum of the diagonal elements ofŪ (the trace ofŪ ), by Theorem 6, the conclusion of this theorem holds. 2
This theorem shows that after adequate scaling (this scaling corresponds to adding the D coefficients in the constraints of (7) and (8) to (12) and (13), the average Kelvin eigenvalues is corresponding to the average AKC value on a certain surface.
The following is some further relationship between the AKC values and the Kelvin eigenvalues ofW . 
The inequalities in (19) can be strict. In fact, for any number c < 4 3 , there is an example such that μ max cK max .
Proof. For any two second order three-dimensional tensors X = (X ij ) and Y = (Y ij ), denote their inner product as
Let y be a direction. By (18), there is a z ∈ S E such that the AKC value at the direction y is
By linear algebra, we have
This proves (19) . Now letW iiii = 1 for i = 1, 2, 3, and otherW ijkl are zero. We see that K min = The first conclusion of this theorem shows that after adequate scaling, the largest Kelvin eigenvalue is an upper bound of the AKC value, while the smallest Kelvin eigenvalue is a lower bound of the AKC value. The second conclusion of this theorem shows it is possible that such an upper bound is greater than the largest AKC value and such a lower bound is smaller than the smallest AKC value. On the other hand, Theorem 1 indicates that the largest and the smallest D-eigenvalues, after multiplied by M 2 D , equal to the largest and the smallest AKC values. These further show that D-eigenvalues are better tools to study the extremal AKC values.
Numerical examples
In this section, we report some computational results on the principal invariants and inherent parameters of some diffusion kurtosis tensors derived from data of MRI experiments on rat spinal cord specimen fixed in formalin. The MRI experiments were conducted on a 7 Tesla MRI scanner at Laboratory of Biomedical Imaging and Signal Processing at The University of Hong Kong.
In MRI experiments, the AKC and ADC values for a given gradient x ∈ R the 100 pixels. From these ADC and AKC values, we obtain the elements of the diffusion tensor D and the diffusion kurtosis tensor W by the using the least squares method and (6), as suggested in [8] and [11] . in unit of square mm per second, and the fifteen independent elements of the diffusion kurtosis tensor W are 
To find the largest and the smallest AKC values, we need first obtain the largest and the smallest D-eigenvalues. Using the method provided in [20] , we compute all the D-eigenvalues of W , and the associated eigenvectors, which are listed in Table 1 .
From the above and S E = 0.3072.
We also compute the D-eigenvalues ofD andŴ and the results are the same as those listed in Table 1 , showing the rotation invariant property of D-eigenvalues, as indicated by Theorem 2. Now we check the result in Theorem 6. We compute the tensorW byW ijkl = 
Final remarks
In this paper, we studied some principal invariants and inherent parameters of a DK tensor W . The largest AKC value K max , the smallest AKC value K min and the spherical average AKC value M S are the principal invariants of W . They can be calculated in any Cartesian coordinate system. The inherent formŴ and its elements, the ellipsoidal average AKC value M E , and the weighted average AKC value M Z are inherent parameters. They must be calculated in the inherent coordinate system of W . We hope that some of these quantities can be useful in the DKI practice.
In Sections 2 and 5, we compared the D-eigenvalues and the Kelvin eigenvalues. It is shown that the D-eigenvalues reflect exactly the largest and the smallest AKC values (Theorem 1), while the Kelvin eigenvalues, after adequate scaling, only give upper and lower bounds of AKC values, and such bounds have positive gaps with the largest and the smallest AKC values. This is not surprising in mathematics, as the Kelvin eigenvalue approach regards the vector product (x i x j ) as a matrix X = (X ij ), then drops the rank-one restriction on X . The Kelvin eigenvector X in general is not a rank-one matrix, i.e., we cannot make X ij = x i x j in general. Thus, the Kelvin approach inevitably produces positive gaps when they are used to estimate the largest and the smallest AKC values. On the other hand, the D-eigenvalue approach generates the largest and the smallest AKC values exactly, as Theorem 1 indicates. Besides, Theorem 6 indicates that the sum of the Kelvin eigenvalues is related with M Z . This shows that Kelvin eigenvalues are closer to the average AKC values in a certain sense.
Actually, a fourth order tensor W is a multi-linear operator
W ijkl x i y j z k w l .
The Kelvin eigenvalue approach treats W as a linear operator
This certainly misses the multi-linearity information of W . In Section 6, we presented two numerical examples based upon the MRI data acquired out of rat spinal cord samples. In these two examples, W has 12 D-eigenvalues. This reflects that the optimization problems (7) and (8) In these two examples, some AKC values are negative. A negative AKC value means that the diffusion displacement probability distribution is more sharply peaked than a Gaussian distribution; while a positive AKC values implies the diffusion displacement probability distribution is less sharply peaked than a Gaussian distribution. To ensure the model has physical meaning, we only need to guarantee that bD app − See for example [4, 23] . How to obtain a positive definite diffusion tensor D and to guarantee the positiveness of (20) should be further studied carefully. Recently, there are increasing interests on invariants of a fourth order tensor, such as the elasticity tensor in solid mechanics [12, 13] .
In this paper, we mainly study invariants of the DK tensor W from the mathematical side. A further collaboration of applied mathematicians and biomedical engineering researchers may further reveal the physical, biological and clinical meanings of such invariants.
Appendix A. Calculation of D-eigenvalues and D-eigenvectors
From the definition of the D-eigenvalues and D-eigenvectors (9), for finding these values, we need to solve the polynomial equations (9) . A direct method for solving such polynomial equations was introduced in [20] . Here we describe that method to make our paper self-contained.
LetW be the fourth-order symmetric tensor, whose elements are defined as We have the following result, which is Theorem 4 in [20] . The proof is omitted here and the interested reader is referred to [20] . 
